Mass
A gold ion with charge eQ has N = 118 neutrons, Z = 79 protons, and (Z − Q) electrons. Here Q is an integer and e is the positive elementary charge. The mass number is
This is also called the number of nucleons. The mass energy equivalent of the ion is
where [2, 3] a = 196.9665687 (6) 
is the relative atomic mass of the neutral gold atom, m u c 2 = 931.494061 (21) MeV (4) 1 is the mass energy equivalent of the atomic mass constant, and m e c 2 = 0.510998928 (11) MeV (5) is the electron mass energy equivalent. The binding energy E Q is the energy required to remove Q electrons from the neutral gold atom. This amounts to [4, 5] 0.332 MeV for the helium-like gold ion (Q = 77) and 0.517 MeV for the fully stripped ion. For Q = 32 we have E Q = 14.5 KeV.
Similarly, a copper ion with charge eQ has N = 34 neutrons, Z = 29 protons, and (Z − Q) electrons. The mass number is A = N + Z = 63 (6) and the relative atomic mass is [2] a = 62.9295975 (6) . (7) For Q = 11 the binding energy is E Q = 1.29 KeV; for the fully stripped ion (Q = 29) we have E Q = 45.0 KeV [4, 5] .
Kinetic Parameters
In a circular accelerator the ion moves along an orbit of circumference C with revolution frequency f . The radius of the orbit is defined to be R = C/(2π). The velocity of the ion is then v = 2πRf.
This gives momentum, energy, and kinetic energy p = mcβγ, E = mc 2 γ, W = mc
where β = v/c, γ = 1/ 1 − β 2 .
The magnetic rigidity of the ion in units of Tm is
where k = 10 9 /299792458 and p is the momentum in units of GeV/c. The angular frequency is ω = 2πf.
We also define the phase-slip factor
where γ t is the transition gamma. 
where h is the RF harmonic number, V g is the total RF gap voltage per turn, and the subscript "s" denotes parameter values for the synchronous particle.
2. The half-height of a bucket is
where φ s is the synchronous phase.
3. The synchronous phase is given by
where ρ s is the radius of curvature, B is the magnetic field anḋ B = dB/dt. Employing Gaussian units (R s and ρ s in cm, c = 2.99792458 × 10 10 cm/s, andḂ in G/s) gives V g sin φ s in Statvolts. Multiplying by 299.792458 then gives V g sin φ s in Volts.
4. The width of a bucket is
where the phase φ e satisfies
5. The area of a bucket is
where
Below transition we have φ e < π − φ s and the limits of integration are φ L = φ e and φ R = π − φ s . Above transition we have π − φ s < φ e and the limits of integration are φ L = π − φ s and φ R = φ e . The integral α(φ s ) must be evaluated numerically. An approximate expression is [6] 
6. The synchrotron frequency for small-amplitude oscillations about φ s is
and the corresponding synchrotron tune is Q s = 2πF s /ω s . Note that measurement of F s gives a value for V g cos φ s , while measurement of dB/dt gives a value for V g sin φ s . These two can be used to obtain V g and φ s .
7. Let φ l and φ r be the phases at the left and right boundries of a bunch matched to a bucket. We have
and the width of the bunch is
In terms of ∆φ and φ s we have
and
If ∆φ is small we have
8. The half-height of a bunch matched to a bucket is
9. The area of a bunch matched to a bucket is
The integral F (φ s , ∆φ) must be evaluated numerically. If ∆φ is small we have
4 Ring Parameters Here C I and C E are the circumferences of the closed orbits in the machines at injection and extraction (or store) respectively. C b , C a , and C r are the circumferences of the "design" orbits in Booster, AGS, and RHIC respectively. These are
meters. δC is the shift (if any) of the RHIC orbit circumference from the design value C r . Note that 4(C r /19) = 2π(128.4580) m which gives an AGS radius at extraction approximately 5 mm larger than the "design" AGS radius (128.4526 m) reported by Bleser [7, 8] . The radius of curvature ρ in the Booster and AGS main dipoles is given in Refs. [7, 8, 9] . The RHIC ring parameters are taken from Ref. [10] and from MAD runs by Steve Tepikian.
Copper and gold ions respectively are accelerated in the blue and yellow rings of RHIC. Because the ions have different magnetic rigidities and must pass through the same DX magnets, the orbit circumferences in the blue and yellow rings are not the same. Steve Tepikian has calculated the circumference shifts δC in each ring at injection and at store. These are given in items 7 and 8 of the next section.
5 Initial Conditions and Assumptions
The revolution frequency of the Au32+ and Cu11+ ions (from EBIS)
at Booster injection is 96.100 kHz.
2. The revolution frequency of the Au32+ ion at Booster extraction is f = 658.91 KHz [11] . The corresponding magnetic rigidity is Bρ = 9.4620277 Tm. The rigidity that can be extracted from Booster into the BTA line is limited by the F3 extraction kicker. The advertised limit is Bρ = 9.5 Tm [12] . We have successfully extracted Au31+ ions (originating from Tandem) at Bρ = 9.43 Tm for several years.
3. The revolution frequency of the Cu11+ ion at Booster extraction is f = 660.15 KHz [13] . The corresponding magnetic rigidity is Bρ = 8.8149099 Tm.
4. The set revolution frequency of the Au77+ ion at AGS injection is f = 163.125 KHz. This gives an energy loss of 2.453 MeV per nucleon in the BTA stripper.
5. The set revolution frequency of the Cu29+ ion at AGS injection is f = 164.938 KHz. This gives an energy loss of 0.1539 MeV per nucleon in the BTA stripper.
6. The magnetic rigidity of the Au79+ ion at RHIC injection is taken to be Bρ = 81.1137824 Tm. The revolution frequency of the Cu29+ ion at RHIC injection is the same as that of the Au79+ ion.
7. The orbit circumference for copper ions in the blue ring at injection is 0.611 mm greater than C r . The orbit circumference for gold ions in the yellow ring at injection is 1.961 mm less than C r .
8. The energy of the gold ion at RHIC Store is 100 GeV per nucleon. The revolution frequency of the copper ion is the same as that of the gold ion. The orbit circumference for copper ions in the blue ring at store is 0.539 mm greater than C r . The orbit circumference for gold ions in the yellow ring at store is 1.898 mm less than C r .
The parameter values given in the following sections are calculated with these initial conditions and assumptions. For many of the parameters more digits are given than would be warranted by the precision with which the parameter could be measured; this is done for computational convenience.
Inflector Voltage
At Booster injection, the voltage V I required for particles with mass m, velocity cβ, and charge Q to follow the nominal trajectory through the inflector is given by
Here G = 0.021 m is the gap between the cathode and septum of the inflector and R I = 8.74123 m is the radius of curvature along the nominal trajectory. Using the calculated values of β and γ at Booster injection, we obtain V I = 57.743 and 53.669 kV respectively for the Au32+ and Cu11+ ions from EBIS.
Because of an unresolved calibration error, the actual setpoint for the inflector voltage needs to be
which gives V I (setpoint) = 59.707 kV (36) for Au32+ ions and V I (setpoint) = 55.493 kV (37) for Cu11+ ions.
Booster Injection Field
The nominal magnetic field in the Booster dipoles at injection is
where Bρ is given by (11) and ρ is the nominal radius of curvature. Using the calculated values of Bρ we obtain B = 893.96 and 830.87 Gauss respectively for the Au32+ and Cu11+ ions from EBIS.
The magnetic field is measured with a Hall probe and the Booster Gauss Clock. The Hall probe sits in the reference dipole and gives the value of the field at BT0. The Gauss Clock gives the change in field between BT0 and the time of measurement. The measured field is defined to be the field at BT0 plus the field change given by the Gauss Clock. For Au32+ ions from EBIS the measured field at injection is 891.6 Gauss.
AGS Injection Field
Similarly, the nominal magnetic field in the AGS dipoles at injection is B = 454.96 and 391.26 Gauss for the Au77+ and Cu29+ ions respectively.
BTA Stripper
The stripper used to strip gold ions in the BTA (Booster-To-AGS) transfer line consists of a 6.45 mg/cm 2 aluminum foil followed by a 8.39 mg/cm 2 carbon foil. In Section 20 we use these surface densities to calculate the energy loss of Au77+ ions in the foils.
The stripper used to strip copper ions consists of a 4.38 mg/cm 2 nickel foil followed by a 6.4 mg/cm 2 aluminum foil. 8 
AGS Injection Septum Magnet Current
The field required in the L20 septum magnet is
where Bρ is the magnetic rigidity of the beam and ρ = 18.625 m [15] is the radius of curvature of the nominal trajectory through the magnet. The required current is given by
where N = 1 is the number of conductor turns; g = 0.0467 m [15] is the magnet gap; and µ 0 = 4π × 10 −7 Tm/A.
For Au77+ ions at injection, the magnetic rigidity is Bρ = 3.88434088 Tm. This gives B = 0.208555 T and I = 7750 A.
For Cu29+ ions at injection, the magnetic rigidity is Bρ = 3.3405536 Tm. This gives B = 0.179359 T and I = 6665 A.
For comparison, the magnetic rigidity of polarized protons at AGS injection is Bρ = 7.205178 Tm. This gives B = 0.3869 T and I = 14380 A.
AGS Injection Kicker Current
The current required in the A5 kicker is [14, 15] 
and φ = 3.35 milliradians (43) is the desired kick angle. Using the calculated values of Bρ at AGS injection we obtain currents of 695.2 and 597.9 A respectively for Au77+ and Cu29+ ions. The maximum available current is 1100 A.
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Figure 1: AGS injection kicker waveforms in the short pulse mode. The three traces are from the three modules of the kicker. They were taken by Yugang Tan on 9 Dec 2011. The time per division is 200 ns. The RF bucket width on the AGS injection porch is 383 ns for Au77+ ions and 379 ns for Cu29+ ions. In order to put beam into adjacent buckets, the rise time of the kicker must be less than or equal to the bucket width minus the bunch width. The rise time is approximately 100 ns, which implies that the bunch width must be less than or equal to 283 and 279 ns for Au77+ and Cu29+ bunches respectively. A single bunch with these widths easily fits on the flattop portion of the pulse which is some 600 ns long. The total width of the pulse is some 1200 ns. With this kicker pulse one could in principle fill 14 of the 16 RF buckets on the AGS injection porch. The pulse is too wide to fill the remaining buckets without interfering with beam in the adjacent buckets. This was not an issue during the run as only 8 of the buckets needed to be filled. The filling pattern was four adjacent filled buckets followed by four adjacent empty buckets. Here the flattop portion of the pulse is some 1300 ns long. The total pulse width is some 2000 ns. In principle this kicker pulse could be used to fill 8 buckets wtih a filling pattern of four adjacent filled buckets followed by four adjacent empty buckets. The stripper used to strip gold ions consists of a 6.45 mg/cm 2 aluminum foil followed by a 8.39 mg/cm 2 "glassy" carbon foil [24, 25] . We can estimate the energy loss in the foils as follows:
The kinetic energy of a proton that has the same velocity as the Au77+ ion just upstream of the aluminum foil is W p = 108.6 MeV.
The rate of energy loss of a proton passing through the foil with kinetic energy W p is [26] − dE p dx = 5.348 MeV cm 2 /g.
The rate of energy loss of the Au77+ ion is obtained by scaling the Bethe-Bloch result for protons [27] . Thus
where Z = 77. Multiplying this by the surface density of the aluminum foil (6.45 mg/cm 2 ) gives ∆E a = 1.038 MeV per nucleon.
This is the energy lost by the Au77+ ion upon passing through the aluminium foil. The kinetic energy of a proton that has the same velocity as the Au77+ ion just downstream of the aluminum foil is then W p = 107.5 MeV.
The rate of energy loss of a proton passing through the carbon foil with this kinetic energy is [26] − dE p dx = 6.180 MeV cm 2 /g.
Using this result in (46) with Z = 77, and multiplying by the surface density of the carbon foil (8.39 mg/cm 2 ) gives ∆E c = 1.561 MeV per nucleon.
The total energy lost upon passing through both foils is then ∆E = ∆E a + ∆E c = 2.599 MeV per nucleon.
This agrees reasonably well with the value 2.453 MeV per nucleon obtained in Section 5.
